Abstract. We study the structure of the relative Hilbert scheme for a family of nodal (or smooth) curves via its natural cycle map to the relative symmetric product. We show that the cycle map is the blowing up of the discriminant locus, which consists of cycles with multiple points. We discuss some applications and connections, notably with birational geometry and intersection theory on Hilbert schemes of smooth surfaces.
Introduction
An object of central importance in classical algebraic geometry is a family of projective curves, given by a projective morphism π : X → B with smooth general fibre. One wants to take B itself projective, which means one must allow some singular fibres. We will assume our singular fibres al all nodal. Of course, by semistable reduction, etc., any family can be modified so as to have this property, without changing the general fibre X b = π −1 (b). Many questions of classical geometry involve pointconfigurations on fibres X b with b ∈ B variable. From a modern standpoint, this means they involve the relative Hilbert scheme and setting it up as a tool for studying the geometry, e.g. enumerative geometry, of the family X/B. This paper is a step in this direction. Our focus will be on the cycle map (sometimes called the 'Hilb-to-Chow' map) c m , which in this case takes values in the relative symmetric product X (m) B . Our main result is that c m is the blowing-up of the discriminant locus in X (m) B . This result will be proven in §1. As we shall see, the proof amounts to a fairly complete study, locally over X (m) B , of c m . We shall see in particular that c m is a small resolution of singularities; in fact in 'most' cases the non-point fibres of c m are chains of rational curves (with at most m − 1 components). In §2 we will consider applications of the result of §1 to the further study of X B and c m . We will give a formula for the canonical bundle 1991 Mathematics Subject Classification. 14H10, 14C05. Research supported in part by the NSA under grant MDA 904-02-1-0094. the Siena conference in June '04. I would like to thank the conference's organizers, especially Luca Chiantini, for their hard and successful work putting together this memorable and valuable mathematical event. I would also like to thank the participants of both the Siena conference and a subsequent one in Hsinshu, Taiwan, especially Rahul Pandharipande and Lih-chung Wang, for valuable input into §3.
The cycle map as blow-up
Our main object of study is family of projective curves π : X → B whose fibres X b = π −1 (b) are smooth for b ∈ B general. We shall make the following
We shall also make the (nonessential, but convenient) hypothesis that X, B are smooth of dimension 2,1 respectively.
Geometry of the family largely amounts to the study of families of subvarieties (more precisely subschemes)
of some fixed degree (length) m over B.
The canonical parameter space for subschemes is the relative Hilbert scheme
B correspond 1-1 with pairs (b, Z) where b ∈ B and Z ⊂ X b is a length-m subscheme. More generally, for any artin local C-algebra R and S = Spec(R), we have a bijection between diagrams
with the right square cartesian and Z/S flat of relative length m.
As usual in Algebraic Geometry, we study a complex object like X B by relating it (mapping it) to other (simpler ?) objects. One approach (not pursued here, but see [7] ) is to relate X . This leads to studying flag Hilbert schemes. These have a rich geometry; they are generally singular. We focus here on another approach, based on the cycle map
Clearly, c m is an iso off the locus of cycles whose support meets the critical or singular locus sing(π) = locus in X of singular points of fibres of π.
Main Theorem. c m is the blowing-up of the discriminant locus
Recall that if I is an ideal on scheme X, we have a surjection of graded algebras from the symmetric algebra on I to the Rees or blow-up algbera
Applying the Proj functor, we get a closed embedding (maybe strict) of schemes over X
of the blow-up into the 'singular projective bundle' P(I), whose fibres over X are projective spaces of varying dimensions. Note that P(I) may be reducible, while Bl I (X) is always an integral scheme if X is. Concretely, these schemes may be described, locally over X, as follows: if f 1 , ..., f r generate I, take formal homogeneous coordinates T 1 , ..., T r , then as subschemes of X × P r−1 ,
Thus, the inclusion Bl I (X) ⊆ P(I) is strict iff I admits nonlinear syzygies; the case of the discriminant locus, to be studied below, will provide examples of such ideals. ßRemark Will see in the proof that • X We will see that X
is not even Q-Gorenstein: we shall see that it admits a small discrepant resolution X 
Then we check locally (over the blowup) that c ′ m is an iso.ßTo start the proof, fix an analytic neighborhood U of fibre a node p, so the family is given in local analytic coordinates by xy = t.
For 
Proof. See [8] Given this, the next question is: what does the full Hilbert scheme look like along Hilb 0 , e.g. locally near 
fig. 2
In fact, if
The next question is: how to glue together the various local deformations ?ßConstruction Let C 1 , ..., C m−1 be copies of P 1 , with homogenous coordinates u i , v i on the i-th copy. LetC ⊂ C 1 × ... × C m−1 × B be the subscheme defined by
In a neighborhood ofC 0 ,C is smooth andC 0 is its unique singular fibre over B. We may embedC in P m−1 × B via
These satisfy
so embedC as a family of rational normal curvesC t ⊂ P m−1 , t = 0 specializing to a connected (m − 1)-chain of lines.
Next consider A 2m with coordinates a 0 , ...,
LetH ⊂C×A 2m be defined byß
Fibres ofH over A 2m are: a point (generically), or a chain of i ≤ m − 1 rational curves; all values i = 1, ..., m − 1 occur. Consider the subscheme of Y =H × B U defined by
ßThe following is proven in [9] Theorem 1.
(i)H is smooth and irreducible.
(ii) The ideal sheaf I generated by F 0 , ..., F m defines a subscheme ofH × B U that is flat of length m overH (iii)The classifying map
is an isomorphism.
The proof shows furthermore thatH is covered by opens
On U i , we have 
In this diagram, the right vertical arrow is the cycle map, the bottom horizontal arrow is the natural map between the Cartesian and symmetric products, and the other arrows are defined by the fibre product construction. Recall the description of the blowup of an ideal I as subscheme of P(I). Let us rewrite the defining local equations for X 
Our task at this point is to 'reverse engineer' an ideal whose generators G 1 , ..., G m satisfy (precisely) these relations. Actually, the choice of G 1 determines G 2 , ..., G m via the linear relations, though a priori, G 2 , ..., G m are only rational functions. Now recall that Z 1 generates Ø(1) over the open U 1 which meets the special fibre t = 0 in the locus of m-tuples entirely on x-axis. On that locus, an equation for the discriminant is given by the Van der Monde determinant:
Thus motivated, set
This forces
If the construction is to make sense, these better be regular. In fact,
. . .
(we call this the 'Mixed' Van der Monde matrix). The G i satisfy same relations as the Z i , so we can map isomorphically
Then J is an invertible ideal defining a Cartier divisor Γ. The Main Theorem's assertion that c is the blowup of D m means
Containment ⊇ is clear. Equality is clear off the special fibre t = 0. Now this special fibre is sum of components Θ I = Zeros(x i , i ∈ I, y i , i ∈ I), I ⊆ {1, ..., m}.
Note that the open set U i meets only Θ i , Θ i−1 . One can check that the vanishing order of G j on any Θ I , |I| = k, is
This concludes the proof of the Main Theorem. 
This yields a class α m ∈ H * (X (m) ), and α [m] is the image of the latter via the composite
(the canonical Ø(1) as blowup, via Proj).
Proof. It suffices to note that both sides agree off the exceptional locus of c m .
In particular, K X Example: m = 2. We have a diagram
with horizontal maps of degree 2. Local equations for X 2 B are:
(so this is a 3-fold ODP); for X ⌈2⌉ B :
2 is a small resolution of the ODP, known as a flopping contraction; it can be flopped to yield X * * smooth that is the source of the 'opposite' flopping contraction. Equations for X (2) B are: σ
This is a cone over a cubic scroll in P 4 . X [2] B is small resolution of the cone, with exceptional locus C 2 1 = P 1 . A well-known procedure, due to Francia, yields a flip, called Francia's flip, of c 2 : blow up C 2 1 in X [2] B (which is the same as blowing up the vertex of the cone); the exceptional divisor is a scroll of type F 1 ; then blow up the negative curve of F 1 to get a new exceptional surface of type F 0 ; then blow down F 0 in the other direction to C * = P 1 so the F 1 becomes a P 2 ; then finally blow down P 2 to a (singular) point on a new 3-fold X * , which is 2:1 covered by X * * .
This situation is intriguing in view of recent work of Bridgeland [2] and Abramovich and Chen [1] which shows that the flop X * * and the flip X * can be interpreted as moduli spaces of certain '1-point perverse sheaves' on X ⌈2⌉ B and X [2] B , respectively. This raises the question of finding a natural interpretation of X * , X * * and their higher-order analogues, if they exist, in terms of our family of curves X/B. ß Euler number. As an application of our study of c m , we can compute (topological) Euler number e(X 
.., σ be the singular fibres with their respective unique singular point and smooth part, and
admits a (locally closed) stratification with big stratum
and other strata
The fibre of c m over each of these strata is, respectively, a point over the big stratum, and over the Σ i,j , a point for i = 0, 1, a chain of (i − 1) P 1 s for i = 2, ..., m. Since the Euler number is multiplicative in fibrations and additive over strata, we get
Now MacDonald's formula [5] says that for any X, the Euler number of its mth symmetric product is given by
Plugging this into the above and using multiplicativity for the fibration
Now, as pointed out by L.C. Wang, (2) follows from (3) by the elementary formula
which in turn is an easy consequence of Pascal's relation
3. Suppose our family X/B is a blowup β : X → Y of a smooth P 1 bundle; equivalently, each singular fibre of X/B has consists of two P 1 components. Then there is another way to construct X Further developments (under construction). We mention some natural questions and possible extensions.
• What is the total Chern class c(T X A potential application of this calculus is is to enumerative geometry (multiple points, multisecant spaces, special divisors on stable curves...) A Sample corollary which however can also be derived by other means) is the following relative triple point formula: for a map f : X → P 2 , the number of relative triple points is
where
See [9] for some progress on this.
• If X/B is of compact type (assume for simplicity there exists a section), we have an Abel-Jacobi morphism to the Jacobian:
Fibres give a notion of 'generalized linear system' on reducible fibres. How is this related to other approaches to such notions in the literature ?
Chern classes of tautological bundles
In [7] we gave a simple formula for the Chern classes of the tautological bundles λ m (L), where L is a vector bundle on X. Here X need not be a surface; we just need a family of nodal curves X/B. More precisely, we gave in [7] a formula for the pullback of λ m (L) on the (full) flag relative Hilbert scheme, denoted W m (X/B). The formula is simple and involves only divisor classes plus classes coming from X, but has the disadvantage that these classes, unlike λ m (L) itself, do not descend to the Hilbert scheme X B can be derived from the one on W m (X/B), it is still of some interest, in view of possible applications, to work this out. It turns out that for X a surface, a formula for the Chern classes of tautological bundles was already derived, in the context of the (absolute) Hilbert scheme X [m] , by Lehn [4] , using the Fock space formalism introduced earlier by Nakajima [6, 3] . Since our tautological bundles λ m (L) are pullbacks of the analogous bundles on X [m] via the natural inclusion X
[m]
Lehn's formula yields an analogous one on X
B . Our purpose here, then, is to verify that when X is a surface, the push-down from W m (X/B) to X
[m] B of the formula of [7] coincides with the restriction of Lehn's formula, at least when L is a line bundle. Thus, we have compatibility in the natural diagram
We begin with some formalism. First, we have the operation of exterior multiplication ⋆ of cohomology classes on various X
be the closure of the locus
(where z m , z n are disjoint), and let
be the projections, both generically finite. For α ∈ H r (X
B ), identifying homology and cohomology, set
).
This operation is obviously associative and commutative on even (in particular, algebraic) classes. In particular, taking β = 1, we get a natural way of mapping H r (X
) for each n ≥ 0.
Next, consider the small diagonal
B . The restriction of the cycle map yields a birational morphism 
which has operator bidegree (r + 2m − 2, m). This is known as Nakajima's creation operator (cf. [6, 3] ).
Lehn's formula is as follows
Now our formula is the following
It is elementary to derive Theorem 3.1 from Lehn's theorem (whose proof is rather long). Our purpose here, however, is to derive Theorem 2 from a result in [7] , as follows. Let
be the natural morphism from the flag Hilbert scheme to the ordinary one, let p i : W → X be the ith projection, mapping a filtered scheme z 1 < ... < z m to the support of z i /z i−1 , and let ∆ ij ⊂ W, i < j denote the (reduced) locus where the p i and p j coincide; also set, for any class c ∈ H * (X),
It is shown in [7] that each sum
∆ ij is a Cartier divisor (even though W is in general singular and each summand individually is not Cartier). It is also shown there that the following result holds (for a line bundle L):
Deriving Theorem 3.1 from (4) is a matter of expanding the product as a sum of monomials, applying w * and dividing by m! = deg(w). In doing so, it is useful to observe the following. Let's call a connected monomial on an index set I one which, after a permutation, can be written in the form Now we note that each monomial appearing in the expansion of (4) may be decomposed uniquely as a product of connected monomials on pairwise disjoint index sets (its 'connected components'), yielding a term 
